Journal of Pure and Applied Algebra 30 (1983) 61-67 61
North-Holland

DIMENSION SUBGROUPS AND SCHUR MULTIPLICATOR

I.B.S. PASSI
Centre for Advanced Study in Mathematics, Panjab Uniy ersity, Chandigarh, India

e w2 oA Wy

L.R. VERMANI

Department of Mathematics, Kurukshetra University, Kuruksheira, India

Received 9 November 1982

Communicated by K. W, Gruenberg

1. Introduction
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Our main aim in this paper is to show that certain probiems {{3], {ii], {i4]) about
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i) The inteoral dimencinn cariee nf averv nilnatent ornnn tarminatec wit
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identitv in a finite number of stens if and onlv if. for everv nilnotent ocroun &
........ y In a fnite number of steps if and only if, for every nilpotent group G,
P,H*(G, T)=H*G,T) for some n=1

al series and the integral dirnension series have equal
intersections for every group if and only if, for every nilpotent p-group G without
elements of infinite p-height, U P,,HZ(G, 7;,)=H2(G, T,), where T, is the p-
torsion subgroup of 7. We also obtain some positive results about the filtration
{P,H*(G,T)}. We prove that if G is a nilpotent group which is either finitely
generated or torsion-free, then P,H*(G,T)=H*G,T) for some n=1. For
arbitrary groups we show that there are constants d,,d,,...,d,,... such that
d,H*(G, T)<P,H*G,T) for every nilpotent group G of class <n.

2. Integral dimension series and a filtration of Schur multiplicator
Let G be a group. We denote by A(G) the augmentation ideal of the integral
group ring ZG. Let G=Dy(G)=D,(G)=--=D,(G)=--- be the integral dimension

= ( . g

e n GN(1+A"(G)). There is a well-known correspondence (see
[4, Chapter VI, § 10])) between the elements of the cohomology group H*G, M)
and the equivalence classes of central extensions 1=-M—IT-G—1 of M by G,
when M is a trivial G-module. If M is divisible abelian, then we can easily identify

by [10, Theorem 2.1] the central extensions corresponding to the elements of
P,H*G, M).

P

2.1. Proposiiion. Let G be a group, A a divisible abelian group regarded as a irivial
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G-module, ¢ € HX(G, A) and 1-A—~IT1-G—1 a central extension corresponding
10 E. Then E€ P,H*(G, A) if and only if

AN+ A" 5T + AUTYAA)) = (1).

The term A(J/7)A(A) occurring in Propositior: 2.1 can be dropped when /7 is a
torsion group. For, in this case, 4(/T)4(A)<A4"(IT) for all n=1 (see [11, Theorem
2.3, p. 97D.

Thus we have

2.2. Proposition. Let G be a torsion group, A a torsion divisible abelian group
r2garded s a trivial G-module, £ € H(G, A) and 1 > A—TIT1-G =1 a central exten-
sion corresponding to &. Then (e P,H G, A) if and only if AND,,,(IT)=(1).

The following result which is again a consequence of [10, Theorem 2.1} is handy
10 apply.

2.3. Lemma. Let 1 be a group, A a central subgroup of IT, B a divisible abelian
group such that for every element 1 £x€ 4 there exists a homomorphism f: A—B
with f(x)#0. Then

(i) AN +A" AT+ AUDAA) =) if P,H*(I1/A, B)= H*(I1/A, B)
and

i) AN (1 + ﬂu"(n)mmm(m)) =) if JP,H*(I1/A, B)=H*(I1/A, B).

We denote the centre of a group G by {(G) and set
1(G)=GN1 +A4"(G)+ A(G)A(L(G))) for n=1.

2.4. Lemma. Every torsion nilpotent group G can be embedded in a nilpotent
group C* such that L

(Y 1,,\G)Y=D,(G*) forall n=1, and
(i) cless of 5 =class of G*.

Proof. Let G be a torsion nilpotent group and A any divisible abelian group con-
taining (G). Form the central product

G*=GA=GxA/{z'9(2): 7€ (G)}
where ¢ :{(G)— A is a monocmorphism. Then class of G =class of G* and, since

AQUGNHG) < A(A)A(G) < A"(G*), we have I,(G)<D,(G*).

2.5. Theorem. The following statements are equivaler.

(i) For every nilpotent group G, there exists an integer n=1 such that
DAG)=(1).
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(ii) For every nilpotent group G, there exists an integer n=1 such that
P,H¥G, T)=H*G,T).

Proof. If (i) holds, then there exists a function f(c) such that Dg,(G)=(1) for
every nilpotent group of class <c. By Lemma 2.4 and standard reductions we must
also have I,(G)=(1) for all such groups.

Let G be a nilpotent group of class c. If Ee H*(G, T) and 1-T—=IT-G~1is a
corresponding central extension, then I7 is nilpoten: of class <c+ 1. Therefore,
Iic+y(IN=(1) and, by Proposition 2.1, we have Py, ,,_,H*(G,T)=H*G,T).

The converse follows from Lemma 2.3 and induction on the class of G.

Let y,(G) denote the nth term in the lower central series of a group G. Write

¥o(G)=[17,(G) and D,(G)=[)D,(G).

2.6. Theorem. The following statements are equivalent:

(i) For every group G, D, (G) =y,(G).

(ii) For every nilpotent p-group G without elements of infinite p-height,
U, P.HXG, T,)=H*G,T,).

Proof. Suppose (i) holds. Let G be a nilpotent p-group, te H*(G, T,) and 1—
T,—»IT-G—1 a central extension corresponding to {. Then /7 is a nilpotent
p-group and D, (IT)=(1). Since T, satisfies the minimum condition on subgroups,
it follows that 7,N D, ,(IT)=(1) for some n=1. Therefore, by Proposition 2.2,
EeP,_H*G,T,) and so (ii) holds.

Conversely suppose (ii) holds. Let G be a nilpotent p-group. Let G(p) be the
subgroup consisting of elements of infinite p-height in G. Then G(p)<{(G) ([2],
[6]) and D, (G)=<G(p) (see [11, Proposition 1.3, p. 95]). As G/G(p) is a nilpotent
p-group without elements of infinite p-height,

U P, H¥G/G(p), T,) = HXG/G(p), T,).
Lemma 2.3, therefore, implies that
G(p)n(l N ﬂ(A"(G)+A(G)A(G(p») ().

Hence D,(G)=(1) for every nilpotent p-group G and we have (i) by [3, Corollary
A2].

Let Iw(G)-:ﬂ" I(G). We can in fact easily prove the following (we omit the
details):

2.7. Theorem. The following statements are equivalent:
(1) For every group G, 1,(G)=7,(G).
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(ii) For every nilpotent group G anc drime p

We now give some positive results about the filtration {P,H*(G, T)}.

2.8. Theorem. Let G be a nilpotent group which is either finitely generated or
torsion-free. Then there exists an integer n=1 such that

Proof. Case 1: G finitely generated. Let 1 > R—F—G —1 be a free presentation of
G with F free of finite rank. Let [F, R] be the subgroup generated oy all elements
of the type f~'r~!fr, where fe F, re R. Write F=F/[F,R] and R = R/[F, R]. Since
A(F) is a polycentral ideal of ZF, it satisfies the weak Artin—Rees property (see [13,
Chapter X1, Theorem 2.8]). Therefore, there exists an n such that

n+2 o

n - AID\ ALEN
=AW A .

™\ ArD\7 I
CIUVAUN LD

A /
4 ¢

For this n it follows that

RN +4" 2(F)+ AR)AF)) =(1).

Hence, by [12, Corollary 3.2},
P,H*(G,T)=H*G,T).
Case 11: G rorsion-free. Let G be a torsion-free nilpotent group of class ¢. Let

1= T—IT-G—1 be a central extension. It can be deduced easily from [3, Lemma
4.1] that

A"UIDHNZUNA(T)<AUTA(T)  where m=c?+4c+3.
Therefore,

TN +A™I)+ATDAT)) = (1)
and i: follows from Proposition 2.1 that

Pm —2H2(Gs T) = Hz(G, T)

Every nilpotent p-group G has the property that D,(G)=y,(G) for 1<i<p+1
([17], see also {7]). From this result and Proposition 2.2 we can deduce

2.9. Theorem. If G is a nilpotent p-group of class c<p, then P“HZ(G,T)=
HY(G, T).

With the help of [3, Lemma 6.2] we can prove
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2.10. Theorem. Let G be a torsion nilpotent group, K a normal subgroup of G sup-
plemented by a finite p-subgroup and suppose that

UP.H K, T))=H*(K.T,)

Joi every prime ¢. Then

UP,H¥G, T))=HXG.T,) for every prime q.

In view of [9, Theoiu:n 3.6] we have

2.11. Corollary. Let G be a nilpoient p-group having an abelian normal subgroup
of finite index. Then

UP.HNG. T))=H*G.T,) for every prime q.

Sjogren [17]) has given constants ¢,,C,,...,Cp, ... Such that, for every group G,
Dir(G)=<v,(G) for all n=1. We find that this result is equivalent to an analogous
property of the filtration {P,H*(G, T)}.

2.12. Theorem. The following statements are equivalent:

(i) There exist constants ¢,,C3,...,C,,... such that for every group G,
DMG)=<y,(G) for all n=1.

(ii) There exist constants d,,d,, ...,d,, ... such that, for every nilpotent group G
of class <n, d,H*(G, T)<P,H*G,T).

Proof. (i)=(ii). Using Lemma 2.4 it can be shown that if (i) holds, then, for every
group G, 1,(G)"<y,(G) for all n=1.

Let G be a nilpotent group of class <n, € H¥G,T) and 1-T—I1-G~1 a
central extension corresponding to & Let 8:7T—T be the homomorphism
0(t)=c,, »t. Since 7 is a nilpotent group of class s»n + 1,6 vanishes on TN1, , ,(IT)
and therefore on TN(1 + 4" *2(IT)+ A1 A(T)). 1 =

a:T-Z11/A" ¥+ AUNAT)

be the homomorphism 71—~ I + 4™* X(IT) + AUIT)A(T). Since T is divisible abelian
and 9 vanishes on Ker a, there exists a homomorphism

@:211/4" U1y + AUNHAT)~T

such that =@ ca. Let 8*: H*(G, T)— H*(G, T) be the homomorphism induced by
6. It follows from [10, Theorem 2.1] that 8*()eP,H*(G,T). However,
0%¢&)=c,.,¢. Hence c,,H*(G, T)<P,H¥G, T). We may thus take d,=c,, , for
all n=1.

(ily=(1). Suppose there exist constants d,,ds,...,d,, ... as in (ii). We assert that
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the constants ¢, cy, ..., Cp, ... defined inductively by
=1, =1, Cpi1=Cpd,_, fornz=2

have the property that, for every group G, I;"(G)<y,(G) for all n=1. L is not
hard to see that it is enough to establish the assertion for prime power groups only
(see [8, Section 3]). We proceed by induction on n. The assertion holds trivially for
n=1,2. Suppose it holds for all m with 1 =m<n. Let G be a prime power group.
To show that

1;01(G)<y,41(G),

we may assume that y,, (G)=(1). Let xel,,(G). Then, by induction x" e
Pu(G)Y<{(G). If x% 11, then we can define a homomorphism 8:{(G)— T such
that S(x"% 1)#0. Let @=d,_,f and let a* $* be the homomorphisms

HY(G/UG), UG)~HAG/L(G), T)

induced by @, 8 respectively. Let & be the element of H*(G/(G), (G)) which cor-
responds to the central extension

1=20G)2 G~ G/LG)— 1.

Then a*(¢)=d, f*¢&)ed,  HYG/{(G), T)<P, HYG/UG) T). Therefore,
by [10, Theorem 2.1] & can be extended to a map ¢ : G — T whose linear extension
to ZG vanishes on 4"* Y(G) + 4(G)A((G)). But then

Bx® ) =a(x™) = g(x" - 1) =0,

a contradiction. Hence we ruust have X" '=1 and the induction is complete.

2.13. Corollary. For the constants ¢|,c,...,Cp, ... defined by Sjogren,
¢u.HYG,TYsP,H G, T)

Sor every nilpotent group G of class <n.

2.14. Remarks. (i) Let G be a p-group of class 3. If p#2, then the integral dimen-
sion series and the lower central series of G coincide [8]. On the other hand, there
are 2-groups of class 3 with Dy(G)=#(1) ([15], [18], [19}). For further insight into
dimension subg.oups it will, therefore, be of interest to first know whether the
dimension series of 2-groups of class 3 have bounded lengths.

(i) For positive results about the statements in Theorems 2.5 and 2.6 we refer the
reader to [1], 2], [3], (5], [14], [16], [20] and [21].
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